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ABSTRACT 

T h i s  memorandum summarizes some s t a t i s t i c a l  t e c h n i q u e s  

to be used i n  r e l i a b i l i t y  t e s t s  o f  equipment whose performance 

i s  known to improve as the t i m e  du r ing  which i t  has been i n  

o p e r a t i o n  i n c r e a s e s .  A more d e t a i l e d  account  i s  g iven  i n  
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MEMORANDUM FOR FILE 

T h i s  memorandum summarizes some s t a t i s t i c a l  t e c h n i q u e s  
to be used i n  r e l i a b i l i t y  t e s t s  o f  equipment whose performance i s  
known t o  improve as t h e  t ime d u r i n g  which i t  ham b e e n  i n  o p ~ r a t i n r !  
i n c r e a s e s .  For  a more de ta i led  account  see t h e  r e f e r e n c e  [l]. 

L e t  SK denote  the t i m e  a t  which t h e  K-th f a i l u r e  o f  t h e  

s y s t e m  o c c u r s ,  where t ime i s  measured from t h e  s y s t e m ' s  i n s t a l l a t i o n  
and repa i r  times are ignored.  
between t h e  f a i l u r e s  numbered K - 1  and K. 
XK are assumed to be independent .  

t. 
t h e  mathemat ica l  e x p e c t a t i o n  o f  N ( t )  and l e t  h ( t )  = H ' ( t ) .  
f u n c t i o n  h i s  c a l l e d  t h e  f a i l u r e  r a t e .  

Then SK - SK,l = XK i s  t h e  t i m e  
These  random v a r i a b l e s  

L e t  N ( t )  b e  t h e  number o f  f a i l u r e s  o c c u r r i n g  b e f o r e  t i m e  
Thus N ( t )  = K if and only i f  SK < t 5 SK+l. L e t  H ( t )  = E ( N ( t ) ) ,  

The 

We suppose t ha t  t h e  times between f a i l u r e s  XK are t e n d i n g  
to be l o n g e r ,  as t h e  s y s t e m  wears i n ,  and e v e n t u a l l y  s t a b i l i z e  so  
t h a t  a t  some u n s p e c i f i e d  time i t  may be  assumed t h a t  there  i s  such  
a t h i n g  as a f i x e d  mean t ime between f a i l u r e s  1-1, 0 < 1.1 < m. 

f o r e ,  i t  i s  assumed t h a t  h ( t )  i s  a non- increas ing  f u n c t i o n  such  
t h a t  l i m i t  h ( t )  = 1/11. 

f i r s t  comes w i t h i n  E of  i t s  e v e n t u a l  l i m i t  1/11 w i l l  now b e  l i s t e d .  

1. F i r s t  estimate f o r  h.  

There-  

t +m 

Some estimates f o r  h ,  1-1, and t h e  p o i n t  t * ( E )  a t  which h 

L e t  K be  a f u n c t i o n  s a t i s f y i n g :  

K L 0, K ( - x )  = K ( x ) ,  K(x)dx = 1 , and 
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K(x) = 0 f o r  a l l  x o u t s i d e  some f i n i t e  i n t e r v a l .  Then w e  set  

m 

= 1 K(Sk-t) . 
k=l 

n 

hK may be taken as an estimate f o r  h ,  b u t  a smoothing 
o p e r a t i o n  which e x p l o i t s  the  f a c t  t h a t  h i s  assumed to be  d e c r e a s i n g  
w i l l  improve t h e  estimate.  

A 

L e t  E c o i n c i d e  w i t h  h u n t i l  t h e  f i rs t  p o i n t ,  s a y  to,  a t  
which h i n c r e a s e s .  Then r e d e f i n e  h on t h e  F n t e r v a l s  t o  t h e  l e f t  
and r i g h t  o f  to t o  be  t h e  average of t he  two v a l u e s  assumed by 

h on these i n t e r v a l s .  I f  this succeeds  i n  makiqg 5 d e c r e a s i n g  
t h e n  proceed  to t h e  nex t  p o i n t  of i n c r e a s e  for h.  Otherwise 
f u r t h e r  ave rag ing  may b e  c a r r i e d  o u t  on ;he i n t e r v a l s  to the  l e f t  
o f  to, as many as are necessary  t o  make h d e c r e a s i n g .  
where an example i s  worked out. 

rr 

See [l, p .  113 

2. Second est imate  f o r  h .  

L e t  h * ( t )  = l/X,+l for Sn < t s Sn+l. A convenient  
smoothing f o r  h* i s  as fo l lows:  
y l  t o  y 2 ,  t h e n  l e t  h* e q u a l  2 / (yy1  + y;') on t h e  i n t e r v a l s  to t h e  

l e f t  and r i g h t  of  to. 

if h* i n c r e a s e s  a t  to,  s a y  from 

Perform t h i s  o p e r a t i o n  as many times as are 
n e c e s s a r y  t o  make h* dec reas ing ,  and l e t  t h i s  new estimate be 
deno ted  b y  h* a l s o .  

It i s  hoped that  a f u t u r e  paper w i l l  be devoted  to 
s t a t i s t i c a l  p r o p e r t i e s  of h*. It can b e  s t a t e d  now, however, tkat  
w i t h  some a d d i t i o n a l  assumptions,  

E ( l / h * ( T ) )  -f p as T + 00 . 

T h e r e f o r e  l / h * ( T >  i s  an  a s y m p t o t i c a l l y  unbiased  estimate f o r  p. 
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3 .  E s t i m a t i n g  t h e  beg inn ing  o f  t h e  s tab le  p e r i o d .  

L e t  E > 0 be g i v e n ,  and suppose t ha t  a t  t i m e  T one 
wishes t o  estimate t* = t * ( E ) ,  t h e  t i m e  at  which h f i rs t  comes 
w i t h i n  E of i t s  e v e n t u a l  l i m i t .  (Note tha t  t * ( E )  may be l a t e r  
than  t h e  p r e s e n t  t i m e  T . )  Suppose h* i s  t h e  estimate of h 
b e i n g  used. 

L e t  t* = t * ( E , T )  = min { h * ( t )  - h * ( T )  5 E }  . Then t* - - - 
4- 
b 

i s  o u r  estimate f o r  t*, which may be i n t e r p r e t e d  as the  beg inn ing  
of the s table  p e r i o d  i f  E i s  s i - i i t i b ly  chssen. 

t h e n  t* shou ld  be f a i r l y  c l o s e  t o  T. Thus when t h i s  phenomena i s  
obse rved  one shou ld  con t inue  sampling and conclude t h a t  t h e  
b reak ing- in  i s  s t i l l  p r o g r e s s i n g .  However when T s u r p a s s e s  t+ and 
c o n t i n u e s  growing t h e n  t h e  estimates t* shou ld  b e g i n  t o  r e c e d e  from 
T and c l u s t e r  about  t h e  f i x e d  p o i n t  tn, and when t h i s  i s  p e r c e i v e d  
one shou ld  conclude t h a t  s t a b i l i z a t i o n  has begun. 

When T < t*, t h a t  i s ,  s t a b i l i z a t i o n  has n o t  y e t  o c c u r r e d ,  

1033-BJM-jr B. J .  McCabe 

Attachment 
Reference 
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